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ABSTRACT 
 

In recent years, parallel to the developments on spatial data acquisition techniques and 

modernization in national geodetic infrastructure, high accuracy geoid model determination has 

become more fundamental for geodetic applications. While data quality and coverages improve, the 

methodological developments also contribute to accuracy of global, regional and local geoid models 

in the worldwide.  In this manner there are various modeling methods for different of data types. In 

a well-structured geodetic reference system of a country, the high accuracy regional geoid may 

constitute a model for transformation of GNSS heights into regional vertical datum. However, since 

the regional geoid models provide decimeter level accuracy in Turkey which is not sufficient for 

vertical control in many geodetic and engineering applications, determination and use of local geoid 

models based on GNSS/levelling data is proposed by Large Scale Map and Spatial Data Production 

Regulation. In this study, İstanbul local geoid models using GNSS/levelling data are calculated and 

the accuracies of the models, depending on varying polynomial degree, distribution and density of 

control benchmarks. The study area is between 4030'N-4130'N latitudes and 2800'E-3000'E 

longitudes. The GNSS/levelling control and test data are from İstanbul GPS Triangulation Network 

benchmarks. The accuracy of data is reported as ±2.0 cm for both GNSS and levelling heights. The 

modeling computations are carried out using developed program codes in MATLAB®. In 

conclusion, an optimal polynomial degree of local geoid model is chosen, and accuracy of İstanbul 

local geoid and its performance in height transformation are assessed in result of various statistical 

tests. In addition the effects of distribution and density of the data, also in terms of representing the 

topographical changes, on accuracy of the local geoid model are also reported. From 

methodological point of view, bivariate polynomial equations are efficient models in terms of 

modelling accuracy and practical use. 
 
 

INTRODUCTION 
 

Calculating of high accuracy geoid models are possible depending on developing of terrestrial 

technique and developing of space technology. For geoid model determination, different data types 

can be used such as gravimetric data, astro-geodetic data, the data which is obtained with levelling 

and GNSS measurements, topographic density and digital terrain models, satellite altimeter data etc 

(Heiskanen and Moritz, 1967). Choosing of the appropriate data, accuracy of the employed data 

and applied methodology have significant role on the accuracy of the modeled geoid (Akçın, 2001; 



Erol, 2007). Since the accuracy of geoid model is affected by methodology as well, various 

different methods are developed depending on employed data. İstanbul local geoid surface is 

modeled with surface interpolation of GNSS/levelling data. In GNSS/levelling method, geoid 

control points network is needed. The ellipsoidal positions and orthometric heights of these 

methods are derived with GNSS and levelling observations based on C-order GNSS networks and 

vertical control network points. And the geoid heights of the new points are obtained from 

GNSS/levelling surface model like bivariate polynomials equations (Deniz ve Ayan, 2000).  

In Turkey, regional and local geoid models were determined and released so far, using different 

methods and various types of. The first geoid model for Turkey was determined using astro-

geodetic vertical deflections at 98 points in 1976. Because of sparse distribution of astro-geodetic 

data, the geoid model has low accuracy. Then, Doppler geoid model was calculated with survey of 

Doppler method in 1980’s. In following years, the first gravimetric geoid model (TG-91) was 

determined using for global geo-potential models, point gravity data and topographic height data. 

After identification of Doppler Datum, Turkey Doppler Geoid (TDG-92) model was calculated 

using of ellipsoid heights and orthometric heights with leveling method. Next, with formation of 

Turkey National Fundamental GPS Network (TUTGA), ellipsoid heights were determined 

uniformly. Selecting of 197 points of TUTGA, orthometric heights were calculated using of data 

derived from geometric levelling depending on Turkey National Vertical Control Network. 

Following Turkey Hybrid Geoid model (TG-99) were calculated being compatible with GPS/GNSS 

using the combination of GNSS/Levelling geoid model and TG91 geoid model. In following years, 

the update of Turkey regional Geoids are determined and released using the improved data and 

methodologies. Finally, Turkey Hybrid Geoid Model is determined combination of TG-03 and 

satellite altimeter data with Remote Restore method (Direnç vd., 2014). However, the accuracy of 

regional geoid model in Turkey is in decimeter level that this accuracy is not sufficient for vertical 

control in many geodetic and engineering applications (LSMSDPR, 2005).  

In this study, İstanbul local geoid model using various degrees of multi-variable polynomials based 

on GNSS/levelling data are calculated and the accuracies of the models, depending on varying 

polynomial degree, distribution and density of control benchmarks were validated. Various tests is 

carried out to investigate the modeling performance of each polynomial. The computations and 

validations are carried out using the developed program codes in MATLAB environment. 

 

GNSS/LEVELLING DATA 
 

The study area is between 4030'N-4130'N latitudes and 2800'E-3000'E longitudes, see figure 1. 

The elevations vary between 0 and 600 m. Using of GNSS/levelling data belongs to the GPS 

triangulation densification network project which was done in 1999. İGNA99 data is consist of 

Turkey GPS Network and Turkey National Triangulation Network 5 points control and test data are 

from İstanbul GPS Triangulation Network benchmarks. The accuracy of data is reported as ±2.0 cm 

for both GNSS and levelling heights. The GPS observations were done using dual frequency GPS 

receivers, the duration of observations is at least 2 hours for the C1 type network points (for the 

baselines 20 km in length) and is between 45 and 60 minutes for the C2 type network points (for the 

baselines 5 km in length), the recording interval is 15 seconds or less. The coordinates of 

IGNA1999 are in ITRF94 (Yılmaz, 2005), (Ayan vd., 1999), (Erol, 2007).  



 
Figure 1:  The distribution of GPS/levelling benchmarks on topographic map (Sevimbike, 2014). 

 

 

MATHEMATICAL BACKGROUND 
 

When Istanbul local geoid model is calculated, it is chosen bivariate polynomial method. 

Polynomial equations, which are suitable for surface modelling, Istanbul region is represented 

single function.  Latitude, longitude and geoidal height are employed in the general function as 

follows: 
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In the formula, x and y values are chosen differently and general equation 1 is written for both of 
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In the matrix, m is the number of points and n is the polynomial degree. 

 

X=           (4) 

 

After determining the unknown of parameters of the polynomial in result of Least Squares 

Adjustment, and testing whether they are significant statistically, the local geoid model is finally 

determined. Hence the polynomial is used for calculation (equation 1) and the geoid height for the 

new points are derived accordingly. 

 

NUMERICAL TESTS AND RESULTS 
 

IGNA99 (Istanbul GPS Triangulation Network 1999) consists of 427 GPS/levelling benchmarks 

(IGNA, 1999). Using of these geoid control points, 4 tests were applied also considering the articles 

of Large Scale Map and Spatial Data Production Regulation on local geoid modeling using 

GNSS/leveling data (LSMSPR, 2005). If Turkey Geoid accuracy (TG99A) is not enough for the 

application purpose in the working area, the LSMSPR (2005) articles suggest determining and use 

of Local GNSS/Levelling geoid model for vertical control. The regulation articles provide also the 

criteria for determining local GNSS/leveling geoid. Especially according to regulation article of 42, 

firstly geoid control networks is formed including all of densification area. Ellipsoid heights is 

obtain from GNSS technique and Helmert orthometric heights is obtain from geometric levelling. 

These geoid control points represent topography, become common points C1 C2 C3 order GNSS 

network, third or fourth order levelling network. In addition at least density points up to 20      6 

points and next each up to15     1 points are required. 

In the first test of the study, using of all points in data set, the local geoid models are calculated 

according to varying order of polynomial, n=2, 3, … 7.  Then, basic statistics of geoid height 

differences are calculated differences between Istanbul Local geoid model’s height and IGNA99 

data. First test results shows that standard deviation values which have order of different bivariate 

polynomials equations, do not decline regularly getting smaller number of polynomial degree, see 

Figure 1. For the 5
th

 degree of polynomial model, the accuracy of geoid is calculated as ±5 cm. 

 

 

 
 

Figure 1: Standard Deviation of geoidal height differences versus the order of polynomial. 

 

 

In the second test, IGNA99 data are divided into two part as control and test points. Number of 

model points are 391 and number of test points are 36 (see the distribution of the points in figure 2). 

This test investigate the role of the density and distribution of geoid control points on the accuracy 
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of local geoid model. Evaluations are done in terms of basic statistics derived from the geoidal 

height differences between the polynomial models and the data. Result of the validations show that 

the standard deviation does not decrease linearly, when the order of polynomial reduce (see the 

second test statistics in Table 1). As result of these first group of validations, it’s proved that the 

accuracy of the geoid model highly depends on a homogeneous distribution of the geoidal control 

points. 

 

 

 
Figure 2:  The distribution of control and test benchmarks on topographic map (Sevimbike, 2014). 

 

 

In the third tests, the geoid control points are intentionally selected as having non-homogeneous and 

relatively sparse distribution that they do not represent the topographical changes in working area. 

Representing topography of points which are very crucial for geoid model accuracy, are searched 

effect on geoid model accuracy in this test. Numerical results show that degree of polynomial 

equations increase, standard deviation do not decline regularly and is distribution moodily. Because 

model points do not representing topography, geoid model accuracy is low. 5. Degree polynomial 

accuracy is ±13.2 cm and; 7. Degree polynomial max and min values rise up to ±3 m. Therefore, 

model points do not provide test points and model points which represent working area topography, 

is very important for high accuracy of geoid model. 

 



 
Figure 3:  The distribution of control and test benchmarks on topographic map in the third 

numerical tests (Sevimbike, 2014). 

 

Table 1: The standard deviations of geoid height differences for varying orders of polynomials, 

derived in the result of each numeric tests. 

 
Polynomial 

Degree 

First Test 

 (cm) 

Second Test 

 (cm) 

Third Test 

 (cm) 

2 9.1 8.2 11.4 

3 7.6 7.2 9.0 

4 6.1 5.4 9.7 

5 5.3 4.4 13.2 

6 5.0 4.4 10.7 

7 4.7 3.9 59.7 

 

CONCLUSION 

 

In conclusions, the 5
th

 order polynomial model is determined as the most appropriate model and 

Istanbul local geoid model accuracy is ± 4.4 cm. It is also proved that the distribution and density of 

the geoid control points, and their locations for characterizing the topographical mass changes 

significantly affect the accuracy of the geoid model. In determining local geoid model, Large Scale 

Map and Spatial Data Production Regulation articles should be considered. Beside it’s high 

accuracy advantage, as the weakness of local geoid models, they do not allow data extrapolation 

and can be applied only in a limited area. In Istanbul case, because of the surrounding coastal areas 

and lack of the data, the accuracy of Istanbul local geoid model is low while approaching the coastal 

areas.  

Accuracy comparison of both models reveals that the Istanbul Local Geoid model provides much 

more improved accuracy comparing the Turkey regional geoid models, that the accuracy of TGs are 

still in the level of 8-10 cm. An improved regional geoid model having few centimeter accuracy 

along the entire country is much more efficient way of vertical control and local GNSS/leveling 

geoid models are considered as temporary solutions until the regional geoid model reaches to the 

purposed accuracy level in the close future days. 
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